YAK 512.815.7 

TEOMETPHHECKOE OHHCAHHE 3nHMOPOHbIX 

noArpynn 

AjieKceH BjiaflHMHpoBHM HeTyxoB 
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-*— > , 1. BBEnEHHE ± 

O . 

^**^ ■ IlycTb ecTb acJjcJDHHHaa ajire6paHHecKaa rpynna G nafl ajire6paHHecKH saMKHy- 

THM nojieM IK xapaKTcpHCTHKH H ee no^rpynna H. Tor^a CTa6HjiH3aTop bccx 
BeKTopoB-4)yHKLi;HH fljiH npaBoro fleitcTBHH G na K.[G]^ ecTb H, oSoapHMaa o6o- 
jiOHKa 7J B G |1J. fljia bchkofo G-MO^yjia V Bepno, hto 1^^ = V^ ^. 3to noKasbi- 
BaeT HHTepecHOCTb BbinHCjieHiiii o6o3pHMbix o6ojiOHeK no^rpynn h, b nacTHOCTH, 
onpeflCJieHHe no^rpynn H, f^jisi KOToptix H = G, 3nHMop4)Hbix no^rpynn. Ilofl- 
rpynna nasbiBaeTca o6o3pHMOH, ecjiH H — H. 



o 
en 



P 

^.j , Onpe/],ejieHHe 1. Uycmti G noAynpocmasi aAse6pau'HecKasi spynna, a H ee pedyK- 

•^ ' muBHaH nodzpynna. Tozda opmosoHaAbHUM i^eHmpajiuaamopoM k H e G naauea- 

emcsi nodzpynna Zq{H), ydo6Aemeopsiwui,aji ycAoeuMM 

(1) gpynna Zq{H) cesisHa; 
^ ; (2) lie Z^{H) = {z e lie G : V/i G lieiJ [z, h] ^ u {z, h) = 0}, zde (•, •) (fiopMa 

^ ' KapmaHa-KuAuma noAynpocmou aAze6pu JIu lie G. 

00 : 

^^ , KajK^oii noflrpynne H c ajire6poH JIh (] rpynnbi G c ajire6poH JIh g mojkho cono- 

Cn ' CTaBHTB BeKTop vh gHoiiic (t), fl), cooTBeTCTByiomnii ecTecTBeHHOMy BjiojKeHHio H 

B G. SaMeTHM, HTO npocTpancTBO Honic(f),0) HaflejiaeTca CTpyKTypofi G-MO^yjiH 
t"~>- ' c noMombio npHCoeflHHeHHoro fleiicTBHH rpynnbi JIh G na g. 3flecb ii flajiee Iiu{H) 

O : y„„„o™„, pa^Ka. rpy„„„ H, . L„ Ka^a.™ „o^py„„a .He.., rpy„„ H. 

TeopeMa 1. HepedyKmuenafi nodzpynna H noAynpocmou zpynnu G o6o3puMa e 
Hett, ecAU u moA-bKO ecAU aaMUKanue op6umu ZQ(L/f )wf{^(/^') codepofcum 0. 

TeopeMa 2. Uodepynna H 3nuMop(fJHa ecAu u moAhKo ecAu op6uma Zq{Ijh)v'b,^{h) 
?H ' suMKHyma, u H ne codepofcumcM e co6cmeeHHOu pedyKmuenou nodzpynne. 

2. flOKASATEJIbCTBA L 

3flecb H flajiee G nojiynpocTaa ajire6paHHecKaH rpynna c ajire6poii jih g. 

Onpe/],ejieHHe 2. UoAynpocmou sAeMenm, s G g nasueaemcsi pa'nuonaA'buuM, 
ecAu onepamop ezo npucoeduHCHHOzo deucmeuR na q o6Aadaem pa'nuonaA'bHUMU 
co6cmeeHHUMU aHaueHURMU. 

HycTB s G pai];HOHajibHbiH nojiynpocToit sjieivieHT. IIpocTpaHCTBO g ecTb ®^eQQi^ 
vp,e Qi co6cTBeHHbie ad s-no/i,npocTpaHCTBa c co6cTBeHHbiMH anaHeHHHMH i. IIpo- 
CTpancTBa ps = ©i>ofli, qs = {p&ps'- (p, s) = 0}, n^ = ®j>o0i hbjihkjtch ajire6pa- 
HHecKHMH noflajire6paMH JIh b g. Ajire6pa xis HBjiaeTCH HHjibnoTeHTHbiM paflHKa- 
jiOM ps H qs. CBHSHaH ajire6paHHecKaa rpynna Qs c ajire6poii JIh q^ nasbiBaeTCH 
KBa3Hnapa6ojiHHecKOH . 
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2 AjieKceft Bjia^KMHpoBHM HcTyxoB 

TeopeMa 3. [Kpumepuu Cyxanoea ]nodzpynna H <Z G o6o3puMa e G ecAU u 
moAbKO ecAU cyinecmeyem pav,uoHaAbHuu noAynpocmou DACMeHm s G g maKou, 
-47710 MeH C qs M lie R„(i/) C Wg. 

Cjie/i,CTBHe 1. Uodzpynna H C G anuMopcfyna e G ecAU u moAt>KO ecAU ona nepe- 
dyKmuena u lieH He eAOCHcena hu e KaKyw nodaAze6py q^ mm Basi Kanozo HenyAeeoao 
paVjUOHaAbHozo noAynpocmozo SAeMenma s G 0. 

IIpe/i;jio>KeHHe 1. Uycmb H' d H C G — 'nenouKa eAOOtceHWhix aAzeSpaunecKux 
zpynn, npuneM H u H' pedyKmuenu. Tozda Zq{H) C Zq{H'). 

SaMenaHHe 1. Uycmb nodzpynna H' eAootcena e nodzpynny H zpynnu G, R„(iJ') C 

Ru(-ff), e Z^(Lh)wr^_(^). Tozda G Z^(L_ff')^'R„(-ff')' ^'^^ ^h- cLh - nodzpyn- 
nu Jleeu zpynn H' u H coomeemcmeeHHO. 

floKaaanieAbcmeo. Bepno.iiTO Zq(L//) cZq(L///) OTKy;i,a hckomoc yTBepjKfleHHe h 
cjieflyeT. D 

IIpe/i;jio»<eHHe 2. Uycmb s G g paupiOHaAbHuu noAynpocmou aACMCHm. Tozda 

/JoKaaamcAbcmeo. IlycTb s : IK* — )■ G o^HonapaMeTpH^^iecKaH noflrpynna, 
cooTBeTCTByiomaH s. Tor^a linit^o ^(^)^r„(QO =0- I— ' 



Cjie/];cTBHe 2. Ecau nodzpynna H zpynnu G o6o3puMa e G, mo G 7jq{Ijh)'VKt^(h) ■ 



IIpe/i,jio»ceHHe 3. Ecau dAti nodzpynnu H zpynnu G eepno, umo G ZQ(L/f )wj^^(-^), 
mo ona o6o3puMa e G. 

JJoKaaamcAbcmeo. IlycTb s G paLi,HOHajibHbiH nojiynpocToii sjicmcht, aV — npe/i,- 
CTaBjieHHe rpynnbi G. Tor^a V = (Bn^iQVf , r^e Vf sto s-co6cTBeHHbie no/;npocTpaH- 
CTBa c coGctbchhijImh SHa^eHHaMH i. 

Ho KpHTepHK) rHjib6epTa-MaM4)opfla cymecTByeT HenyjieBOH paLi,HOHajibHbiH no- 
jiynpocTOH sjieMBHT s Glie Zg(Lh) TaKoii, hto v-h^i^h) G ©i>oHomK(lie R„i/, 0)f. 
OTCio;i,a lie R„i? C ris h lie RuU±s. CjieflOBaTejibHO, lie if C qs- □ 

CjieflCTBHe [5] H IlpefljiojKeHHe [3] BMecTe cocTaBjiHiOT TeopeMy[T] 

IIpe/i,jio»ceHHe 4. Uycmb H HepedyKmuena. Tozda op6uma Zq(Lh)vji^h ncaa- 
MKHyma. 

/JoKasamcAbcmeo. Ho KpiiTepHio CyxaHOsa cymecTByeT pai^HOHajitHbiH nojiynpo- 

CTOfi sjieMeHT s G TaKofi, hto lie H G c\s, lie R„-ff C rij. Tor^a linit^o^RuH GHoiii(lieiJ, lie L^^) 

EcjiH 3T0T sjieMBHT jie>KHT B Zq(Lh)vh, to i/" C L^. 3aMeTHM, HTO dim Lj^<diuiH. 

a 

IIpe/i;jio>KeHHe 5. Uycmb HepedyKmuenasi zpynna U DnuMopcpna e G. Tozda op- 
6uma Zq(Lh)vr^h saMKuyma. 

JJoKasamcAbcmeo. IIpeflnojiojKHM npoTHBHoe. Ho KpHTepnio rHjii>6epTa-MaM4)opfla 
cymecTByeT paii,HOHajibHijiH nojiynpocTofl: ajieMBHT s ^Zq(Lh) TaKoft, hto vji^h G 
®i>oHomK(lie R„i/, 0),f. OTCiofla lie R„i/ C ps- HycTb Pg ajire6paHHecKaH nofl- 
rpynna JIh b G c ajireGpoit JTh ps. Tor^a R„iJ cPs- JlerKO BHfleTb, hto Ps/Qs — 
K*, H, cjieflOBaTSJibHO, KuU c Qs- OTcro^a lie H c qs- □ 

ripefljiojKeHHa |3] h [5] cocTaBjiaioT flOKaaaTejiBCTBO TeopeMbi [51 
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A GEOMETRIC DESCRIPTION OF EPIMORPHIC SUBGROUPS 



ALEXEY PETUKHOV 



O ' 1- Introduction 

(N 

Let G be an algebraic group over an algebraically closed field K of characteristic and let iJ C G be a 

O , subgroup. Let iJ C G be a subgroup of G which preserves all elements of a subset K[G]-^ C K[G]. We call 

\^ ' the subgroup H an observable hall of 7? in G [T] . It is well known that for any finite-dimensional G-module 

(^ ■ V the space V^ coincides with V^ [T]. This property motivates the definition of an observable hall. A 

f^ , subgroup H is called epimorphic in G if i? = G. A subgroup H is called observable in G ii H = H. 



P< 



Definition 1. Let G be a semisimple algebraic group and let iJ C G be a reductive subgroup. Orthogonal 
, centralizcr to i/ in G is a subgroup Zq{H) satisfying the following conditions: 

\iy • 1) Group Zq{H) is irreducible; 

^ ; 2) lieZ^{H) = {z e licG : V/i e licH [z,h] = & (z,/i) = 0}. There (•,•) is the Cartan-Killing form of 

^ ■ lie G. 

eg . 

Let JJ C G be a subgroup. Let g, f) be Lie algebras of G and H respectively. The subgroup H c G 
determines vector vh eIIomK([),0). The space HomK(l},g) has an action of G induced from the adjoint 
G-action on g. Let Ru^ be a unipotent radical of H and Lh be a maximal reductive subgroup of H (i.e. 
^ . Levi subgroup). 

00 ' 

,,j. ' Theorem 1. Nonreductive algebraic subgroup H of a reductive algebraic group G is observable in G if and 

rf-\ , only if the closure of the Z^(Li:/)-orbit of v-^ z^-. contains 0. 

Theorem 2. Nonreductive algebraic subgroup _ff of a reductive algebraic group G is epimorphic in G if and 
L^ ! only if the ZQ(L//)-orbit of v^ ,^^^ is closed and H is not contained in a proper reductive subgroup of G. 



(N 



O 






2. Proofs of the theorems [T] and [2] 

Definition 2. A semisimple element s G g is called rational if and only if all ads-eigenvalues are rational 
numbers. 



JH \ Let s g g be a rational semisimple element. It determines direct sum decomposition q — ^ Qi, where Qi 

is the i-eigenspace of ads. Spaces ps :— ® 0i, q^ := {p G ps : (p, s) = 0} and n^ :— Qi are algebraic Lie 

subalgebras of g. The Lie algebra rig is the nilpotent radical of both ps and q^. Let Qs be an irreducible 
algebraic Lie group with the Lie algebra qs. 

Theorem 3 (Sukhanov's criterion [1]). A subgroup iJ of G is observable in G if and only if there exists a 
rational semisimple element s £ g such that WeH C q^ and lie Ru(i?) C rig. 

Corollary 1. A subgroup iJ of G is epimorphic in G if and only if [) ^ q^ for any nonzero rational semisimple 
element s £ g. 

Proposition 1. Let H' C H C G he a chain of reductive algebraic groups. Then Zq{H) C Zq{H'). 

Proof. A proof left to the reader. D 



Lemma 1. Let H',H be subgroups of G and (a)iJ' C H:{h)R^H' C RuH; (c)0 G Z^{Lh)vji^h- Then 

e Z-^{Lh')vr^H' ■ 

Proof. A proof left to the reader. D 



Proposition 2. Let s G g be a rational semisimple element. Then G Zq(LqJur^ 



2 ALEXEY PETUKHOV 

Proof. Let s : K* — ;• G be a l-parametric subgroup corresponding to s. Then lim s{t)v^^^Q^ equals 0. D 



Corollary 2. Let H be an observable subgroup of G. Then G Z^(Lh)vb.^h- 



Proposition 3. Let iJ be a subgroup of G. Suppose G Z^(1jh)v^^h- Then H is observable in G. 

Proof. Let s be a rational semisimple element and V^ be a G-module. Then V — ^ Vf, where Vf is the 

ieq 
i-eigenspace of s. 

There exists a nonzero rational semisimple element s G g such that WR^/f G 0HomK(lie KuH, g)f (Hilbert- 

Mumford criterion). Hence Hom(lieRui?, g)f = Hom(lieRuii/, n^), lie H contained in rig. Therefore 

i>0 

lieH C Qs and hence lie Ru-ff C ris, the subgroup H C G is observable in G. D 

Corollary [2] and Proposition |3] are equivalent to Theorem [TJ 

Proposition 4. Let _ff be a subgroup of G and suppose H is not reductive. Then the Zg(L/f )-orbit of v^^h 
is not closed. 

Proof. Hence H is not reductive, there exists a nonzero rational semisimple element s G g such that lie H d c\s 
and lie KuH C ris. Without loss of generality we assume that lie L^ C gg. Let s be a corresponding to 
s homomorphism K* — ;■ G. Then limit v := lim s(t)vB.^H exists and lies in HomK(lieRuiif, lie Lf>). If 

V G Zq(Lh)vb.^h then () contained in a subalgebra conjugated to lie L^. Obviously dim Lg <diin_ff. 
Contradiction. Therefore v G Zg(L/f)'yR^^H and v ^ Zq(Lj:/)wr^h- D 

Proposition 5. Let iJ be a proper epimorphic subgroup of G. Then the Z(5(L//)-orbit of ur^h is closed. 

Proof. Suppose the ZQ(L/f)-orbit of v^^h is not closed. Then there exists a nonzero rational semisim- 
ple element s G lie Zq{Lh) such that wr^h G Hom(lie Ruff, 0)f (Hilbert-Mumford criterion). Hence 

i>0 

Hom(lieRui7, g)f = Hom(lieRui/, p^), lie Ruff contained in p^. Let P^. C G be an irreducible subgroup 

such that lie P^ = p^. Obviously Pg/Qs — IK* and hence Ruff cRuPs and there are no homomorphisms 
from Ruff to K* , Ruff contained in Q^. Therefore lie ff C qs- D 

Propositions |4] and [5] are equivalent to Theorem [2j 
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